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CONTACT PROCESSES ON RANDOM GRAPHS WITH POWER
LAW DEGREE DISTRIBUTIONS HAVE CRITICAL VALUE 0

BY SHIRSHENDU CHATTERJEE AND RICK DURRETT!
Cornell University

If we consider the contact process with infection rate A on a random
graph on n vertices with power law degree distributions, mean field calcula-
tions suggest that the critical value A of the infection rate is positive if the
power « > 3. Physicists seem to regard this as an established fact, since the
result has recently been generalized to bipartite graphs by Gémez-Gardefies
etal. [Proc. Natl. Acad. Sci. USA 105 (2008) 1399—-1404]. Here, we show that
the critical value A, is zero for any value of « > 3, and the contact process
starting from all vertices infected, with a probability tending to 1 as n — oo,
maintains a positive density of infected sites for time at least exp(nl_‘s) for
any § > 0. Using the last result, together with the contact process duality, we
can establish the existence of a quasi-stationary distribution in which a ran-
domly chosen vertex is occupied with probability p(A). It is expected that
,o()L)NC)J3 as A — 0. Here we show thatee — 1 < <2« —3,andso § > 2
for @ > 3. Thus even though the graph is locally tree-like, 8 does not take the
mean field critical value 8 = 1.

1. Introduction. In this paper we will study the contact process on random
graphs with a power-law degree distribution, i.e., for some constant «, the degree
of a typical vertex is k with probability py ~ Ck™® as k — oo. Following New-
man, Strogatz and Watts (2001, 2002), we construct the random graph G, on the
vertex set {1, 2, ..., n} having degree distribution p = {px : k > 0} as follows. Let
di,...,d, be independent and have the distribution P(d; = k) = pr. We condi-
tion on the event E, = {d] + --- + d,, is even} to have a valid degree sequence.
As P(E,) — 1/2 as n — o0, the conditioning will have a little effect on the dis-
tribution of d;’s. Having chosen the degree sequence (d1, d>, ..., d,), we allocate
d; many half-edges to the vertex i, and then pair those half-edges at random. We
also condition on the event that the graph is simple, i.e., it neither contains any
self-loop at some vertex, nor contains multiple edges between two vertices. It can
be shown [see e.g. Theorem 3.1.2 of Durrett (2007)] that if the degree distribution
p has finite second moment, i.e., if « > 3, the probability of the event that G, is
simple has a positive limit as # — 0o, and hence the conditioning on this event
will not have much effect on the distribution of d;’s.
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We will be concerned with epidemics that take place on these random graphs.
First consider the SIR (susceptible-infected-removed) model, in which sites begin
as susceptible, and after being infected they get removed, i.e., become immune to
further infection. In the simplest discrete-time formulation, an infected site x at
time n will always be removed at time n + 1 and for each susceptible neighbor y
at any time n, x will cause y to become infected at time n + 1 with probability p,
with all of the infection events being independent.

In this case the spreading of the epidemic is equivalent to percolation. To com-
pute the threshold p. for a large, i.e., O (n), epidemic to occur with positive prob-
ability, one notes that for a randomly chosen vertex x, the number of vertices at
distance m from x, Z,,, is approximately a two-phase branching process in which
the number of first generation children has distribution p, but in the second and
subsequent generations the offspring distribution is the size biased distribution
q = {gx : k > 0} satisfying
(1.1) qk—1 :kpi, where u = > kpy.

s I
This occurs because vertices with degree k are k times as likely to be chosen for
connections, and the edge that brings us to the new vertex uses up one of its de-
grees. For more details on this and the facts that we will quote in the next para-
graph, see Chapter 3 of Durrett (2007).

With the above observation in hand, it is easy to compute the critical threshold
for the SIR model. Let v be the mean of the size biased distribution,

(1.2) v=Ykai.
k

Suppose we start the infection at a randomly chosen vertex x. Now if Y, is
the number of sites at distance m from x that become infected, then EY,, =
pu(pv)™~1. So the epidemic is supercritical if and only if p > 1/v. In particu-
lar, if pp ~ Ck™* as k — o0 and « < 3, then v = o0 and p. = 0. Conversely if
o« > 3 then v < oo and p. = 1/v > 0. Hence for the SIR epidemic model on the
random graph G, with power-law degree distribution, there is a positive threshold
for the infection to survive if and only if the power o > 3.

We will study the continuous-time SIS (susceptible-infected-susceptible) model
and show that its behavior differs from that of the SIR model. In the SIS model,
at any time ¢ each site x is either infected or healthy (but susceptible). We often
refer to the infected sites as occupied, and the healthy sites as vacant. We define
the functions {¢; : ¢ > 0} on the vertex set so that £ (x) equals O or 1 depending on
whether the site x is healthy or infected at time 7. An infected site becomes healthy
at rate 1 independent of other sites and is again susceptible to the disease, while
a susceptible site becomes infected at a rate A times the number of its infected
neighbors. Harris (1974) introduced this model on the d-dimensional integer lattice
and named it the contact process. See Liggett (1999) for an account of most of the
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known results. We will make extensive use of the self-duality property property of
this process. If we let & = {x:¢;(x) = 1} to be the set of infected sites at time ¢,
we obtain a set-valued process. If we write étA to denote the process with éOA =A,
then the self-duality property says that

(1.3) PEANB#£2)=PEPNA+£D)

for any two subsets A and B of vertices.

Pastor-Satorras and Vespignani (2001a, 2001b, 2002) have made an extensive
study of this model using mean-field methods. Their nonrigorous computations
suggest the following conjectures about A. the threshold for “prolonged persis-
tence” of the contact process:

o If o <3, then A, =0.

e If 3 < <4, then A, > 0 but the critical exponent 8, which controls the rate at
which the equilibrium density of infected sites goes to 0, satisfies g > 1.

e If o > 4, then A, > 0 and the equilibrium density ~ C(A — L) as A | A, i.e. the
critical exponent g = 1.

Notice that the conjectured behavior of A, for the SIS model parallels the results
for p. in the SIR model quoted above.

Gomez-Gardeiies et al. (2008) have recently extended this calculation to the bi-
partite case, which they think of as a social network of sexual contacts between
men and women. They define the polynomial decay rates for degrees in the two
sexes to be yys and yr, and argue that the epidemic is supercritical when the trans-
mission rates for the two sexes satisfy

i > o= | k)

where the angle brackets indicate expected value and k is shorthand for the degree
distribution. Here A. is positive when yys, yr > 3.

Our first goal is to show that A, = 0 for all o > 3. Our proof starts with the
following observation due to Berger et al. (2005). Here, we follow the formulation
in Lemma 4.8.2 of Durrett (2007).

LEMMA 1.1. Suppose G is a star graph with center 0 and leaves 1,2, ..., k.
Let A; be the set of vertices infected in the contact process at time t when Ag = {0}.
Ifk)\,2 — 0Q, then P(Aexp(kAZ/IO) # @) — 1.

Based on results for the contact process on (Zmodn) by Durrett and Liu (1988)
and Durrett and Schonmann (1988), and on (Z modn)¢ by Mountford (1993), it
is natural to conjecture that in the contact process on G,,, with probability tending
to 1 as n — oo, the infection survives for time > exp(cn) for some constant c.
It certainly cannot last longer, because the total number of edges is O(n), and so
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even if all sites are occupied at time 0, there is a constant ¢ so that with probability
> exp(—cn) all sites will be vacant at time 1. Our next result falls a little short of
that goal.

THEOREM 1. Consider a Newman, Strogatz and Watts random graphs G, on
the vertex set {1, 2, ..., n}, where the degrees d; satisfy P(di = k) ~ Ck™ ask —
oo for some constant C and some o > 3, and P(d; <2) =0. Let {S,l :t > 0} denote
the contact process on the random graph G, starting from all sites occupied, i.e.,

S(} ={1,2,...,n}. Then for any value of the infection rate A > 0, there is a positive
constant p(L) so that for any § > 0
1
inf P(@ > p(k)) — 1 asn — oo.
t<exp(nl—9%) n

One could assume that v > 1 and look at the process on the giant component,
but we would rather avoid this complication. The assumption P(d; < 2) =0 is
convenient, because it implies the following.

LEMMA 1.2. Consider a Newman, Strogatz and Watts graphs, G, on n ver-
tices, where the degrees of the vertices, d;, satisfy P(d; <?2) =0, and the mean of
the size biased degree distribution v < co. Then

P(Gy, is connected) — 1 asn— oo,
and if Dy, is the diameter of G,
P(Dy > (1+¢)logn/logv) -0  foranye > 0.

The size of the giant component in the graph is given by the nonextinction
probability of the two-phase branching process, so P(d; < 2) = 0 is needed to
have the size ~ n. Intuitively, Lemma 1.2 is obvious because the worst case is the
random 3-regular graph, and in this case, the graph is not only connected and has
diameter ~ (logn)/(log?2), see Sections 7.6 and 10.3 of Bollobds (2001), but the
probability of a Hamiltonian cycle tends to 1, see Section 9.3 of Janson, Luczak,
and Rucinski (2000). We have not been able to find a proof of Lemma 1.2 in the
literature, so we give one in Section 5. By comparing the growth of the cluster with
a branching process it is easy to show P(D, < (1 —¢)logn/logv) — 0O for any
e > 0.

In a sense the main consequence of Theorem 1 is not new. Berger et al. (2005),
see also (2009), show that A, = O for a generalization of the Barabasi—Albert model
in which each new point has m edges which are with probability S connected to a
vertex chosen uniformly at random and with probability 1 — 8 to a vertex chosen
with probability proportional to its degree. Theorem 2 in Cooper and Frieze (2003)
shows that such graphs have power law degree distributions with o =1+ 2/(1 —
B), so these examples have o € [3, 00) and . = 0.
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Having acknowledged the previous work of BBCS, it should be noted that (i)
our result applies to a large class of power law graphs that have a different struc-
ture; and (ii) the BBCS proof yields a lower bound on the persistence time of
exp(cn'/@=1D) compared to our exp(n'~%). Our improved bound on the survival
times relies only on the power law degree distribution and the fact that the diameter
is bounded by C logn, so it also applies to graphs BBCS consider.

Theorem 1 shows that the fraction of infected sites in the graph G,, is bounded
away from zero for a time longer than exp(n'/2). So using self-duality we can now

define a quasi-stationary measure S;O on the subsets of {1,2,...,n} as follows.
For any subset of vertices A, P(ééo NA#Q)= P(&;‘(p(nl/z) # ). Let X, be

uniformly distributed on {1, 2,...,n} and let p,(1) = P(X, € Solo). Berger et al.
(2005) show that for the contact process on their preferential attachment graphs,
there are positive, finite constants so that

brC < pu(1) < BAC.

In contrast, we get reasonably good numerical bounds on the critical exponent.

THEOREM 2. Suppose o > 3. There is a Ao > 0 so that if 0 < A < Ag and
0 < § < 1, then there exists two constants c(«, 6) and C(«, §) so that as n — o0

P(cA1+(“‘2)(2+5) < pu(V) < CA1+(a—2)(1—a)) S

When « is close to 3 and § is small, the powers in the lower and upper bounds
are close to 3 and 2. The ratio of the two powers is < (2+6)/(1 — 8) = 2 when §
is small.

The intuition behind the lower bound is that if the infection starts from a vertex
of degree d(x) > (10/1)>*?, then it survives for a long time with a probability
bounded away from 0. The density of such points is CACT)@=D byt we can
improve the bound to the one given by looking at neighbors of these vertices,
which have density CAC9©@=2) and will infect their large degree neighbor with
probability > cA.

For the upper bound we show that if m (e, §) is large enough and the infection
starts from a vertex x such that there is no vertex of degree > A=~ within
distance m from x, then its survival is very unlikely. To get the extra factor of A
we note that the first event must be a birth. Based on the proof of Lemma 1.1, we
expect that survival is unlikely if there is no nearby vertex of degree > A~2 and
hence the lower bound gives the critical exponent.

It is natural to speculate that the density of the quasi-stationary measure
pn(X) = p(X) as n — oo. By the heuristics for the computation of A, in the SIR
model, it is natural to guess that, when « > 2, p(}) is the expected probability of
weak survival for the contact process on a tree generated by the two-phase branch-
ing process, starting with the origin occupied.
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Here the phrase ‘weak survival’ refers to set of infected sites being not empty
for all times, in contrast to ‘strong survival’ where the origin is reinfected infinitely
often. As in the case of the contact process on the Bollobas—Chung small world
studied by Durrett and Jung (2007), it is the weak survival critical value that is the
threshold for prolonged persistence on the finite graph.

Sketch of the proof of Theorem 1. The remainder of the paper is devoted to
proofs. Let V¥ be the set of vertices in the graph G, with degree at least n®. We
call the points in V,? stars. We say that a star of degree k is hot if at least Ak /4 of
its neighbors are infected and is /it if at least Ak/10 of its neighbors are infected.
Our first step, taken in Lemma 2.2, is to improve the proof of Lemma 1.1 to show
that a hot star will remain lit for time exp(cn®) with high probability.

To keep the system going for a long time, we cannot rely on just one star. There
are O (n'~¢@=D) stars in this graph which has diameter O (logn). If one star goes
out, presence of a lit star can make it hot again within a time 21n¢/? with probability
at least n . See Lemmas 2.3 and 2.4 for this. Lemma 2.6 shows that a lit star gets
hot within 2 exp(n%/3) units of time with probability

> 1 — Sexp(—22n/3/16),

and Lemma 2.5 shows that a hot star eventually succeeds to make a nonlit star hot
within exp(n°/?) units of time with probability

>1— Se—ﬂnﬁ/so.

Using these estimates, we can show that the number of lit stars dominates a random
walk with a strong positive drift, and hence more than 3/4’s of the collection will
stay lit for a time O(exp(nl_“s )). See Proposition 1 at the end of Section 2 for the
argument.

To get a lower bound on the density of infected sites, first we bound the proba-
bility of the event that the dual process, starting from a vertex of degree (10/1)>+?,
reaches more than 3/4’s of the stars. We do this in two steps. In the first step (see
Lemma 3.2) we get a lower bound for the probability of the dual process reaching
one of the stars. To do this, we consider a chain of events in which we reach vertices
with degree (10/4)%*9 for k > 2 sequentially. In the second step (see Lemma 3.3)
we again use a comparison with random walk to show that, with probability tend-
ing to 1, the dual process, starting from any lit star, will light up more than 3/4’s
of the stars. Then we show that the above events are asymptotically uncorrelated,
and use a second moment argument to complete the proof of Theorem 1 and the
lower bound for the density in Theorem 2.

OPEN PROBLEM. Improve the bounds in Theorem 2 and extend the result to
a>1.
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When 2 < a < 3 the size biased distribution has infinite mean. Chung and Lu
(2002, 2003) obtained bounds on the diameter in this case, and later van der Hof-
stadt, Hooghiemstra and Zamenski (2007) showed if H,, is the distance between 1
and 2 then

2loglogn
—log(a —2)°

n

When 1 < « < 2 the size-biased distribution has infinite mass. van der Esker et
al. (2005) have shown in this case

lim P(H,=2)= lim 1 - P(H,=3)=pec(0,1)
n—oo n—0o0

so the graph is very small.

All of the results about the persistence of infection at stars in Section 2 are
valid for any «, since they only rely on properties of the contact process on a star
graph and an upper bound on the diameter. The results in Section 3, rely on the
existence of the size biased distribution and hence are restricted to o > 2. The
proof of the lower bound should be extendible to that case, but the proof of the
upper bound given in Section 4 relies heavily on the size-biased distribution having
finite mean. When 1 < o < 2, the size-biased distribution does not exist and the
situation changes drastically. We guess that in this case p,(A) = O()).

2. Persistence of infection at stars. Lete > 0 and let V] be the set of vertices
in our graph G, with degree at least n®. We call these vertices stars. We say that a
vertex of degree k is hot if it has at least L = Lk /4 infected neighbors and we call
it lit if it has at least 0.4L = 1k/10 infected neighbors. We will show that if ¢ is
small, then in the contact process starting from all vertices occupied, most of the
stars in V! will remain lit for time O (exp(n'—2%)).

We begin with a slight improvement of Lemma 1.1 which gives a numerical
estimate of the failure probability, but before that we need two simple estimates.

LEMMA 2.1. If0<x<a<lthene* <1+ (U +a)xande ™ <1-(1-
2a/3)x.

PROOF. Using the series expansion for e*

. +ax<1+1+(1)2+ )
e x B — — o .. ,
- 2 2 2

—x < +ax(1+(1)2+(1)4+ )
e _-x R f— — o o o
= 2 2 2

and summing the geometric series gives the result. [
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LEMMA 2.2. Let G be a star graph with center 0 and leaves 1,2, ..., k. Let
A; be the set of vertices infected in the contact process at time t. Suppose ) < 1
and M*k > 50. Let L = Ak/4 and let T = exp(kA?/80)/4L. Let Pp; denote the
probability when at time 0 the center is at state i and L leaves are infected. Then

Pri(inf 1A <04L) < 7eMkB0 fori =0, 1.
T \r<T

PROOF. Write the state of the system as (m,n) where m is the number of
infected leaves and n = 1 if the center is infected and O otherwise. To reduce to
a one-dimensional chain, we will concentrate on the first coordinate. When the
state is (m, 0) with m > 0, the next event will occur after exponential time with
mean 1/(mA + m), and the probability that it will be the reinfection of the center
is /(A + 1). So the number of leaf infections N that will die while the center is O
has a shifted geometric distribution with success probability A /(X + 1), i.e.,

P(N =) ( 1 )j A forj=0
= =|— . — or .
PD=GF1) a+a /=

Let N1 be the realization of N when the state of the system is (L, 0). Then Ny,
will be more than 0.1L with probability

2.D Ppo(N > 0.1L) < (1 4 )01 < o=*L/20 _ ,=22k/80,

Here we use the inequality 1 + A > M2 1f N < 0.1L, then there will be at least
0.9L infected leaves when the center is infected.

The next step is to modify the chain so that the infection rate is O when the num-
ber of infected leaves is L = Ak/4 or greater. In this case the number of infected
leaves > Y; where

at rate
Yt_)Y[—l, )\'k/49
Y, > Y +1, 3rk/4forY, < L,

Yt—>Y[—N, 1.

To bound the survival time of this chain, we will estimate the probability that
starting from 0.8L it will return to 0.4L before hitting L. During this time Y; is a
random walk that jumps at rate Ak + 1. Let X be the change in the random walk in
one step. Then

-1, with probability (Ak/4)/(Ak + 1),
X =141, with probability (3Ak/4)/(Ak + 1),
—N, with probability 1/(Ak + 1),
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and so
Eeex—ee-i 1 —l—e_g-l- rk
4 rk+1 4 rk+1
ad 1\
Ak+ ; ( ) At
fe=?/(L + 1) < 1, the third term on the right is
A 1
M1 1+r—e®
If we pick 6 < 0 so that e™® = 1 + 1/2, then
EefX = MK < ! §+(1+x/2) 2)
A4+ 1\1+1/2 4 LY’

Since 1/(1+x)<1—x+x for0<x <1,

1 3 2 A AA\3 A 2
4 A4+1/2)- —+——1<<——+—)—+—+—

1+1/2 4 Ak 2" 4)aT8 Tk
o, b 2
16 8 Ak’

where in the last inequality, we have used A < 1. Since we have assumed A2k > 50,
the right-hand side is < 0.

To estimate the hitting probability we note that if ¢ (x) = exp(6x) and Yy >
0.6L, then ¢(Y;) is a supermartingale until it hits L. Let g be the probability that
Y; hits the interval (—oo, 0.4 L] before returning to L. Since 6 < 0, we have ¢ (x) >
¢(0.4L) for x <0.4L. So using the optional stopping theorem we have

q¢(0.4L) + (1 —g)p(L) = ¢(0.8L),
which implies that

g <$(0.8L)/p(0.4L) = exp(0.46 L) < ¢~ k/40,

ase ™ =14 1/2 > e** when A/4 < 1/2 (sum the series for ¢¥).

At this point we have estimated the probability that the chain started at a point
> 0.8L will go to L before going below 0.4L. When the chain is at L, the time
until the next jump is exponential with mean 1/(L + 1) > 1/2L. The probability
that the jump takes us below 0.8L is (since 1 + A > €*/?)

< (142)"02L < p=L/10 _ o k40
Thus the probability that the chain fails to return to L, M = **k/80 times before
going below 0.4L is
<2 e—)\zk/SO.
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Using Chebyshev’s inequality on the sum, Sy of M exponentials with mean 1 (and
hence variance 1),

P(Sy <M/2) <4/M.

Multiplying by 1/2L we see that the total time, Ty of the first M excursions
satisfies

P(Ty < M/AL) < 4e~*"k/80,

Combining this with the previous estimate on the probability of having fewer than
M returns and the error probability in (2.1) proves the desired result. [J

Thus Lemma 2.2 shows that a hot star will remain lit for a long time with prob-
ability very close to 1. Our next step is to investigate the process of transferring the
infection from one star to another. The first step in doing that is to estimate what
happens when only the center of the star infected.

LEMMA 2.3. Let G be a star graph with center O and leaves 1,2, ..., k. Let
0 <A < 1,8 >0 and suppose A>Tk > 10. Again let P;; denote the probability
when at time O the center is in state i and | leaves are infected. Let 1y be the first
time O becomes healthy, and let T; be the first time the number of infected leaves
equals j. If L = \k/4, y =8/(4 +28), and K = Ak /4, then for k > ko(5)

Py 1(Tgx > 1) <2/k”,
Pk 1(Ty < Tr) < exp(—=A%k'"7 /16) < 1/k7,
Eo 1 (Tp | T < 00) <2.

Combining the first two inequalities Py (7, < oo) > 1 — 2/kY, and using
Markov’s inequality, if we can infect a vertex of degree at least k such that
k > ko(8) and A2tk > 10, then with probability > 1 — 5/k? the vertex gets hot
within the next k¥ units of time.

PROOF OF LEMMA 2.3. Note that tgp ~ exp(1), and for any ¢ < 719, the leaves
independently becomes healthy at rate 1 and infected at rate A. Let po(¢) is the
probability that leaf j is infected at time ¢ when the central vertex of the star has
remained infected for all times s < t. pg(0) =0 and

dpo(t)
dt

So solving gives po(t) = 5 re” ATV gg = ﬁ(l — ¢~ O+D1y From this it
follows that

(2.2) Py.1(Tx < 19) > P(Binomial(k, po(k™7)) > K)P(to > k7).

=—po() + (1 — po(1))A =A — (A + 1) po(2).
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Now if k¥ > 8/3, (A + 1)k~Y < 3/4 and it follows from Lemma 2.1 that
pok™") = Ak7Y /2.
Writing p = po(k™7) to simplify formulas, if 6 > 0
P(Binomial(k, p) < K) < K1 = p+ pe k.
Since log(1 4 x) < x the right-hand side is

oA Y ALY
+@e -1 5 )

Taking 6 = 1/2 and using Lemma 2.1 to conclude e~!/? — 1 < —1/3, the above is
< exp(—)\klﬂ’/24) < eXp(—kl/zfy/S),

< exp(

since A%k > 9. Using this in (2.2), the right-hand side is
> (1 —exp(=k'>77/8)(1 = k") = 1 =2/k7,

if k1/277 > 8y logk.
Using the supermartingale from the proof of Lemma 2.2, if ¢ = Pg 1(To < T1),
then we have
q-1+(1—qe’t <,
and so g < X < ¢ *K/4 In the last step we have used ¢? = 1/(1 4+1/2) < e */4,
which comes from Lemma 2.1. Filling in the value of K, e *K/4 = e KT /16,
Now

2K = (A2 )2/ D) 1=y =2/ Q2+8) 5 02/ (D) 8/ (4+25)

So if k%/(4+29) 5 16. 1072 C+Dy logk, then e *K/* < 1/k7 .
To bound the time we use the lower bound random walk Y; from Lemma 2.2.

EN=1/A,so
A1 22k —2
EYI:(———>Z:( )t.
2 A 2

Let TLY be the hitting time of L for the random walk Y;. Using the optional stopping
theorem for the martingale ¥; — (A%k — 2)¢/2 and the bounded stopping time
T LY At we get

Ak —2 v
EYry == JE(TL AD=EYo=0.

Since EYTLY/\t < L = Ak/4, it follows that

2A ) k)2 1

ETY/\t<( = = <1,
T D=2 22 A2k —2  2—4/32% —
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as by our assumption A%k > 4. Letting 1 — oo we have ETLY < 1. Since Y; is a
lower bound for the number of infected leaves, T 17, <oo] < T . Hence

Eo 1 (T 111, <00))
Py, 1 (T < 00)
%
< EO,ITL < L =2
Py 1(Tk <t0)Px1 (T <To) — 1/2

Eo1(Tp|Ty, < 00) =

for large k. O
To transfer infection from one vertex to another we use the following lemma.

LEMMA 2.4. Let vg, v1, ..., Uy be a path in the graph and suppose that v is
infected at time 0. Then the probability that vy, will become infected by time m is
> (e (1 —eMe .

PROOF. The first factor is the probability that the infection at vy lasts for
time 1, the second the probability that vg infects v; by time 1, and the third the
probability that the infection at v; remains until time 1. Iterating this m times
brings the infection from 0 to m. [J

When the diameter of the graph is < 2logn, the probability in Lemma 2.4 is
> n~? for some b € (1/2, 00), and the time required is < 2logn. Combining this
with Lemma 2.3 (with k = n® and y = 1/3) shows that if n is large, then with
probability > Cn~" we can use one hot star to make another star hot within time
2n®/3. Using Lemma 2.2 and trying repeatedly gives the following lemma.

LEMMA 2.5. Let s and sy be two stars in V,? and suppose that sy is hot at
time 0. Then, for large n, s> will be hot by time T = exp(n®/?) with probability

> 1 — 8e~*n"/80,

PROOF. If n is large, Lemma 2.2 shows that s; remains lit for 7 units of
time with probability > 1 — Te=?n/80 L et t, = 2n%/3 and consider the discrete
time points t,, 2¢,, .... At all of these time points we can think of a path starting
from an infected neighbor of s1 up to sp. Using one such path the infection gets
transmitted to s, and it gets hot in 21%/3 units of time with probability > Cn~" for
some constant C. So s; fails to make s, hot by time T with probability

<(1—=cn 5T/ <exp(=Cn=0T/1,) < exp(—22n/80)
for large n. For the first inequality we use 1 — x < e™*. Combining with the first

error probability in this proof, we get the result. [

Next we show that a lit star becomes hot with a high probability, and then helps
to make other nonlit stars lit.
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LEMMA 2.6. Let s be a star of V,; and suppose that s is lit at time 0. Then s
will be hot by time 2 exp(n®/3) with probability

> 1 —5exp(—22n®/3/16) if nis large.

PROOF. Since s is lit, it has at least An®/10 infected neighbors at time 0. If s
itself is not infected at time O, let N be the number of leaf infections that die out
before s gets infected. Using similar argument as in the beginning of the proof of
Lemma 2.2,

P(N =) ( ! )j * for j >0
=j)=\——) - —— or ,
P=0F) /=
which implies
P(N > nf/20) < (1 4 2)~M°/20 < o=32n%/40,
as 1 + A > ¢*/2 by Lemma 2.1. Also the time T, taken for M = An®/20 leaf
infections to die out is a sum of M exponentials with mean at most 1/(A + 1) M <
1/M. Now if n?*/3 > 40/16, the above error probability is < e/,

Using Chebyshev’s inequality on the sum, Sj; of M exponentials with mean 1
(and hence variance 1), we see that if exp(n¢/3) > 2, i.e., n/3 > log?2

1
<
~ M(exp(né/3) — 1)2

P(Sy > Mexp(n®/?))

4 _a20t3/16).
~ M exp(2nt/3) = exp(=A7n/16)

where in the final inequality we have used M > 4, i.e., n® > 80/A, and A%/16 < 2.
Multiplying by 1/M we see that the total time, Ty, satisfies

P(Ty > exp(n8/3)) < exp(—=r%n®3/16).

Combining these two error probabilities gives that s will be infected along with at
least An‘/20 infected neighbors within exp(n¢/3) units of time with error proba-
bility
(2.3) <2exp(—Aa%n®/3/16).
Now An¢ /20 > an®/3 /4, when n?¢/3 > 5. Soif s is infected and has at least An® /20
infected neighbors, then using the second inequality of Lemma 2.3 (with y =2/3
and k = n?), s becomes hot with error probability

<exp(—2%n/3/16).

Finally using Markov’s inequality and the third inequality of Lemma 2.3, the time
T taken by s to get hot, after it became infected, is more than 7' = exp(n® /3) with
probability

< Zexp(—n8/3) < 26Xp(—k2n8/3/16),
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as A < 1. Combining all these error probabilities proves the lemma. [J

We now use Lemmas 2.5, 2.6 and 2.2 to prove that if the contact process starts
from all sites infected, then for a long time at least 3/4’s of the stars will be lit.

PROPOSITION 1.  Let I, be the set of stars in V,; which are lit at time t in
the contact process {S,l :t >0} on G,. Let t, = 2exp(n®/?) and M,, = exp(n'~%¢).
Then there is a stopping time T,, such that T, > M,, - t, and

P(I; 7.1 < (3/4|V, ) < exp(—Cn®).

PROOF. Let , =|V,;|. Clearly |Irf’0| = ;. We will estimate the probability
that starting from (7/8) e, lit stars, the number goes below (3/4)«;,, before reaching
an. Define the stopping times t;s’ and o;s’ as follows. Let 19 = 09 = 0 and for
i>0let

Tip1 =inf{t >t + oty 1 |1 ;| = (7/8) e},
oi+1 =min{s € N: PSR (B/Do, an)}.

We need to look at time lags that are multiples of #, in the definition of o; because
in our worst nightmare (which is undoubtedly a paranoid delusion) all the lit stars
of degree k > n® at time 7,1 have exactly 0.1k infected neighbors.

Lemma 2.6 implies that a lit star of V; gets hot within time 2exp(nt/3) <
exp(n®/?) (for large n) with probability > 1 —5exp(—12n®/3/16). Combining with
Lemma 2.2 gives that a lit star at time 0 gets hot by time #,/2 and remains lit at
time , with probability > 1 — 6exp(—A>n®/3/16) for large n. Now if ;| <o
for some ¢, then the number of lit stars will increase at time ¢ + #,, with probability
> P(A N B), where

e A: All the lit stars will get hot by #, /2 units of time, and be lit for time ¢,,.
e B: A nonlit star will become hot by time #,/2 in presence of another hot star,
and remain lit for another ¢, /2 units of time.

Now using the above argument P(A) > 1 — 6nexp(—A2n/3/16), as there are at
most 7 stars. Combining Lemmas 2.5 and 2.2 gives P(B) > 1 —9exp(—A2n¢/80).
So P(AN B) > 1 —exp(—n®/%) for large n. Using the stopping times Uy grs, | >
W, for r < o;, where {W, :r > 0} is a discrete time random walk satisfying

W, — W, —1  with probability exp(—n®/%),

2.4)
W, — W, +1 with probability 1 — exp(—n®/%),

and Wo = (7/8)a,. Now 6% is a martingale where

exp(—n8/4)

- " T exp(n )

<exp(—nt/*)2).
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If g is the probability that W, goes below (3/4)w,, before hitting «;,, then applying
the optional stopping theorem

q- 9(3/4)0!n +(1—-q)- o < 9(7/8)0611’
which implies

g <0@/® < exp(—Cnl_("‘_l)S),
as a, ~ Cn'~@=D¢ for some constant C. So the probability that the random walk
fails to return to «,, at least M,, = exp(nl_"‘g) times before going below (3/4)«;,
is <exp(—Cn?). Now if
K =min{i > 1:|I; .\, , | < 3/Han},

the coupling with the random walk will imply P(K < M,) < exp(—Cn?), and
hence for T, =y, +om, - tn

P(|I; 1,1 < 3/HIV,]) < exp(—Cn®).

As o; > 1 for all i, by our construction 7,, > M, - t,, and we get the result. []
So the infection persists for time longer than exp(n!~%¢) in the stars of Ve

3. Density of infected stars. Proposition 1 implies that if the contact process
starts with all vertices infected, most of the stars remain lit even after exp(nl_"“3 )
units of time. In this section we will show that the density of infected stars is
bounded away from 0 and we will find a lower bound for the density. We start
with the following lemma about the growth of clusters in the random graph G,
when we expose the neighbors of a vertex one at a time. For more details on this
procedure see Section 3.2 of Durrett (2007).

LEMMA 3.1. Suppose 0 <& < 1/8. Let A be the event that the two clusters,
starting from 1 and 2 respectively, intersect before their sizes grow to n®. Then

P(A) < Cn~ /479,

PROOF. Ifdy,...,d, are the degrees of the vertices, then
(3.1) P( max d; > n3/<2“—2>) <n-P(d; >n¥ D) <c/\/n
1<i<n

for some constant c. Suppose all the degrees are at most n°/?*=2)_ Suppose R
and R, are the clusters starting from 1 and 2 up to size n°. Let B be the event that
R contains a vertex of degree > n!/Ca=2) Yet ¢, be the sum of degrees of all
those vertices with degree > n!'/(>*=2)_ While growing R; the probability that a
vertex of degree > n!/*=2) will be included on any step is

< En =8

=Y d — ndt3/Ca=) TP
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Since the size biased distribution is gr ~ Ck—@ D a5 k — o0, Dok ds ™~
Ck~@=2 as k — oo, and we have e, ~ Cn!~@=2/Q2=2) and hence B, ~
Cn~@=2/Qa=2) 35 n — 00. So for large n B, < cin~ Y4 for some constant ¢y,
when o > 3. Thus

P(B) > 1—c/n'/*7
If B¢ occurs, all the degrees of the vertices of Rj are at most nl/@e=2) 1q that
case, while growing R, the probability of choosing one vertex from R is

S+1/(2a—2
notl/Ge—2) 1-8—1/a—2)

<
= S di —nd a2 = c2/n

So the conditional probability
P(A|BY) > (1 — Cznf(lféfl/(ZafZ)))na > 1 — ¢y n!"2-1/=2)
Hence combining these two
P(AS) > (1 — cl/n1/4_8)(1 _ Cz/nl—za—l/(za—z)) >1—Cy/n'4,

and that completes the proof. [J

Lemma 3.1 will help us to show that in the dual contact process, staring from
any vertex of degree > (10/1)2%% for some 8 > 0, the infection reaches a star of
V.2, with probability bounded away from 0.

LEMMA 3.2. Let ng be the contact process on G, starting from Sé‘ = A.
Suppose 0 < ¢ < 1/20(a — 1). Then there are constants Ao > 0, ng < 00, cop =
co(A, €) and p; > 0 independent of A < Lo, n > ngy and & such that if T = n°, v,
is a vertex with degree d(v2) > (10/1)>? for some 0 < 8 < 1 and vy is a neighbor
of va,

PEP NV = po  PEM AVE) = pia

PROOF. The second conclusion follows immediately from the first, since the
probability that vy will infect v, before time 1, and that v, will stay infected until
time 1 is

A

>——(1- e_('\“))e_1 > CA.
A+

Let A, be the set of vertices in G, of degree > (10/)\)”“”S for m > 2. Define
s
Y = 3019 and

B =2(x —1)log(10/1), U= (e_l(l _ e_)”)e_l)_(B"‘]),
w, = log(n®)/log(10/A) — 6, Tm:Tnlz‘i‘Tn%,
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where T, = (10/3) "7 T2 =y™, and we let n = ", Ty,
Define E, = {5}12’2} N A3 # @)} and for m > 3, having defined E», ..., E,_1, we
let

E, = {g}:lm} NApt1 #2} and vy € %‘}:1"1—11} A,

Let A,, be the event that the clusters of size (10/ 1) o+ D(a=2) starting from two
neighbors of v, do not intersect and

Since & < 1/20(a — 1), the cluster size (10/4)™T3+D@=2) i at most n!/10 for
m < wy. So using Lemma 3.1 and the fact (§) < k2,

Wp
P(FL) S (Z (10/)\)2”1"1‘25)Cn—(1/4—1/10)

m=2

< 2 en~WA=110) _ 0p=(1/4=3/20) _ 1 g

for large n.

Since each vertex has degree at least 3, if F' occurs then by the choice of B the
neighborhood of radius Bm around v,, will contain more than (1—;))(’"”“)(“_2)*’”
vertices. Let G, be the event that the neighborhood of radius Bm around v, in-
tersects A,+1. In the neighborhood of v, probability of having a vertex of A4
is at least c¢(A/10)"+3+D(@=2) Hence

m-+(m—+38+1)(¢—2)
PG, NF)<(1— C()\/10)(m+8+1)(a72))(10/)\) s+

< exp(—(10/1)").

If A is small, Y>>, exp(—(10/1)™) < 1/6.

On the intersection of F' and G,, we have a vertex of A4 within radius Bm
of v,,. Using Lemmas 2.2 and 2.3, in the contact process {ét{v’"} :t >0}, vy, gets
hot at time 7,! and remains lit till time 7}, with error probability < cA"*97 for
small A. If v,, is lit, then Lemma 2.4 shows that v,,, fails to transfer the infection to
some vertex in A,,+| within time 7,2 with probability

< [1 _ (e—l(l _ e—)u)e—l)Bm]Tr%/(Bm)

<exp[—(e' (1 —eM)e )" /(Bm)] =,

where = indicates we are making a definition, and hence P(E; G,F) <
AT 4oy, I A is small 30" 5 [eA™ Y 4y, ] < 1/6, we can take py = 1/2
and the proof is complete. [J
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Lemma 3.2 gives a lower bound on the probability that an infection starting from
a neighbor of a vertex of degree > (10/1)>*9 reaches a star. Lemma 2.3 shows that
if the infection reaches a star, then with probability tending to 1 the star gets hot
within /3 units of time. Combining these two we get the following.

PROPOSITION 2. Suppose 0 < & < 1/20(« — 1). There are constants Lo > 0,
ng < oo cy =c1(r, €) and py > 0, which does not depend on A < Ay, n > ngy and
e, such that for any vertex vy with a neighbor v, of degree d(vy) > (10/1)*+?

for some § € (0,1), and T = n°! the probability that é}v'} contains a hot star is
bounded below by piA.

Next we will show that if we start with one lit star, then after time exp(n® /2y at
least 3/4’s of the stars will be lit.

LEMMA 3.3.  Let I, be the set of stars which are lit at time t in the contact
process on G, such that |Irf’0| = 1. Then for T' = exp(nt/?)

P(IIf 7/ < B/HIVE]) < Texp(—2*n3/16).

PROOF. Let 51 be the lit star at time 0. As seen in Proposition 1, s1 remains
lit at time 7’ = exp(n®/?) with probability > 1 — 6exp(—1%n¢/3/16) for large n.
With probability > Cn~? another star gets hot within time #, = 2n°/> and remains
lit at time 7. Using similar argument as in Lemma 2.5, the process fails to make
(3/4)| V| many stars lit by time 7" with probability

< G/AIV;I(L = Cnt) T

< (3/H|VE|exp(=Cn~"T' /1) < exp(—1*n/3/16),
as |V =C n'=@=D¢ and 1 — x < e™*. So combining with the earlier error prob-
ability we get the result. [J

Now we are almost ready to prove our main result. However, we need one more
lemma that we will use in the proof of the theorem.

LEMMA 3.4. Let F and G be two events which involve exposing n® many
vertices starting at 1 and 2 respectively for some 0 < § < 1/8. Then
|P(FNG)— P(F)P(G)| <Cn~ /479,
PROOF. Let R; and R» be the clusters for exposing n® many vertices starting
from 1 and 2 respectively, and let A be the event that they intersect. Clearly
P(FNG)<P(A)+ P(FNGNA
=P(A)+ P(FNA)P(G N AS)
<P(A)+ P(F)P(G).
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Using similar argument for F¢ and G we get
|[P(FNG)— P(F)P(G)| < P(A).

We estimate P(A) using Lemma 3.1. [

Lemma 3.4 shows that two events which involve exposing at most n'/8 vertices
starting from two different vertices are asymptotically uncorrelated. Now we give
the proof of the main theorem.

Proof of Theorem 1. Given § > 0, choose ¢ = min{d/«, 1/20(x — 1)}. Let A,
be the set of vertices in G,, with a neighbor of degree at least (10/1)%>*?. Clearly
|Anl/n— co(A/ 10)2+9(@=2) 45 —5 o for some constant c. Define the random
variables Y, x € A, as Y, =1 if the dual contact process starting from x can light
up a star of V7 and O otherwise. By Proposition 2, EY, > piA for some constant
p1 > 0 and for any x € A,.

If we grow the cluster starting from x € A,, and exposing one vertex at a time,
we can find a star on any step with probability at least cn™*~2¢. So with proba-
bility 1 — exp(—cn®), we can find a star of V;¥ within the exposure of at most n*®
vertices. So, with high probability, lighting a star up is an event involving at most
n@*+De many vertices. As (o + 1)e < 1/8, using Lemma 3.4, we can say

PYy=1Y,=1)—PXy=1)PX,;=1)
<(1- exp(—cng))Cn_(1/4_(°‘+1)8) + exp(—cn®) = 6,.
Using our bound on the covariances,

Var< Z Yx> <n-+ <Z)0n,

XEA,

and Chebyshev’s inequality gives

P(
for any y > 0, since 8, — 0 as n — oco. Since EYy > piA and |A,|/n —
co(A/10) D @=2) 'if we take p; = piA - co(r/10)CTD@=2) /3 then

n+(5)0n

55 —0 asn — oo
n<y

> (Yy— EYy)

xXeA,

Z"J/)S

(3.2) lim P( Y Y= npl) =1.

n— 00
X€EA,

Now if Yy = 1, Proposition 2 says that the dual process starting from x
makes a star hot after 77 = n°! units of time. Then by Lemma 3.3 within next
T> = exp(n®/?) units of time the dual process lights up 75% of all the stars with
probability 1 — 7exp(—A2n®/3/16).



CONTACT PROCESSES ON POWER LAW GRAPHS 2351

Let I,f ; be the set of stars which are lit at time 7 in the contact process {5;1 1t >0}
and

T3 = inf{r > exp(n!~%¢): 11y 1= B/DIV .
By Proposition 1, P(T3 < o0) > 1 — exp(—cn®). Let
S={Sci{l,2,....n}:§' =S=If,| = B/HIVf]}.

Using the Markov property and self-duality of the contact process we get the fol-
lowing inequality. For any subset B of the vertex set, and for the event F,, = [T3 <
oo] we have

P, sy, D B) N Fa]

=Y P&} 1, D B)P(Ep, = SIFy) P(Fy)

Ses

=" P(§1hs, NS # @ Yx € B)P(&}, = S|Fy) P(Fy)
Ses

=3 P(ER) NI 7| > G/4IVE| Vx € B)P(5h, = SIFy) P(Fy)
Ses

> P(Yy =1Vx € B)(1 —7|B|exp(—A*n®/3/16)) P(F;)
> P(Y, = 1Vx € B)(1 — 2exp(—cn®/%),

as |B| <n and P(F,) > 1 —exp(—cn®). Hence for T = Ty + T + T3, combining
with (3.2) and using the attractiveness property of the contact process we conclude
that as n — oo

1 1
inf P(ls—tl > pl) = P('tgg—T| > pl)
t<T n n

zP(s%z{x:YFl}, ) sznpl)el,

xXeA,

(3.3)

which completes the proof of Theorem 1, and proves the lower bound in Theo-
rem 2.

4. Upper bound in Theorem 2. For the upper bound, we will show that if
the infection starts from a vertex x with no vertex of degree > 1/A!7% nearby, it
has a very small chance to survive. To get the 1 in upper bound we need to use the
fact that first event in the contact process starting at x has to be a birth so we begin
with that calculation.

Let As be the set of vertices of degree > 28=1 Define Z,,x € {1,2,...,n} as
Zy =1 if the dual contact process {é,{X} .t > 0} starting from x survives for T/ =
1/)\‘)‘_1 units of time, and 0 otherwise. We will show EZ, < C I+ @=21-8) for
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some constant C. If T is the time for the first event in the dual process, then E7T <
1 and using Markov’s inequality P (T} > 1/A%"1) < A%~ Soif T} < 1/A%7!, the
first event must be a birth for Z, to be 1. So for x € Ag,

i
P(Ze=D)<P(T1 > 1/A"H+ Y pi——
) AM+1

i>A8-1

<atgcon Y it

i>x8-1

<27l op @09,

For x € A§, let w(h) < CA@=2(=9) be the size-biased probability of having
a vertex of As in its neighborhood. If d(x) = i, the expected number of ver-
tices in a radius m around x is at most i - EZ,,, where Z,, is the total progeny
up to mth generation of the branching process with offspring distribution g; =
(k+ D pks1/m~ ck® 1. So the expected number of vertices, which are within a
distance m = [(o — 1)/87, the smallest integer larger than (o — 1)/6, from x and
belong to Ags, is

(1/m'=2
< Y pi-i- EZy - CL@D0-8) < 0y @=2)(1-0),
i=2

Using Markov’s inequality the probability of having at least one vertex of Ag
within a distance m from x has the same upper bound as above.

Until we reach Ag, || < ¥, where
Yi—=>Y -1 at rate Y;,
Y, > Y, +1 atrate ;A (1/0)' 70 =y,
So Y; jumps at rate Y;(1 4+ A%) and it jumps to ¥; + 1 with probability A% /(1 +
A% < A0 If T) < 1/A%71, the first event in the dual process "g‘t{X} must be a birth

for Z, to be 1. Let Ty, is the time of the 2mth event after the first event. Then
ETy <2m/(1+ A%) and using Markov’s inequality

P(Tom > 1/2%" )y < a1,

Now if T, < 1 /ko‘_l and there is no vertex of As within a distance m of x, the
infection starting at x survives for time 7" only if Y; has at least m up jumps before
hitting 0. If there are < m — 1 up jumps in the first 2m then Y; will hit 0 by T3,
as Yp = 2. The probability of this event is

< P(B>m), where B ~ Binomial (2m, )\‘3),

< 22m)\‘m6 < 22mka—1‘
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Combining all three error probabilities, for any x € A§,
P(Zy=1) < P(T1 > 1/A%7Y) + P(Ton > 1/3°7)

Ai
.  CAle-2(-8)
2 P
ls)\ﬁfl

< C)Ll+(a—2)(l—8).

Using an argument similar to one at the end of the proof of Theorem 1
> (Zy—EZ,)

P< )

for any y > 0. Since EZ, < CA!T@=20=8) for all x € {1,2,...,n}, if we take
Py =3CAIH@=2DU=0) then

>ny)—>0 asn — 0o

P(szznpu>—>0 asn — oQ.
X
So by making C larger in the definition of p, and using the attractiveness of the
contact process
inf P(I/| < pun) — 1
=T’
as n — o0.
5. Proof of connectivity and diameter. We conclude the paper with the proof

of Lemma 1.2. We begin with a large deviations result. The fact is well-known, but
the proof is short so we give it for completeness.

LEMMA 5.1. Let X1, X3, ... be i.i.d., nonnegative with mean . If p < u,
then there is a constant y > 0 so that

P(Xi+--+Xp < pk) <e 7%,

PROOFE. Let ¢(0) = Ee ?X.1f 6 > 0 then
eTPKP(X1+ -+ Xi < pk) <9 (O)F.
So we have
P(X1+ -+ Xi < pk) < exp(k{6p +log ¢ (0)}).
log(¢(0)) =0andas 6 — 0
¢'(0)
#(0)
So log¢ () ~ —ub as & — 0, and the result follows by taking 6 small. [

_ —

d
7 108(@ () =
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PROOF OF LEMMA 1.2.  We will prove the result in the following steps:

Step 1. Let k, = (log n)%. The size of the cluster C,, starting from x €
{1,2,...,n}, reaches size k, with probability 1 — o(n~ .

Step 2. There is a B < oo so that if the size of C, reaches size Blogn, it will
reach n?/3 with probability 1 — O (n~2).

Step 3. Let ¢ > 0. Two clusters Cy and C,, starting from x and y respectively,
of size n!/2%¢ will intersect with probability 1 — o(n™2).

Steps 2 and 3 follow from the proof of Theorem 3.2.2 of Durrett (2007), so it is
enough to do Step 1. Before doing this, note that if dy, ..., d, are the degrees of
the vertices, and n > 0 then as n — oo,

P( max d; > n(1+'7)/("‘_1)) <n-P(d; >nITM/ @Dy~ cp,
1<i<n
Given o > 3, we choose 1 > 0 small enough so that (1 +7n)/(0 —1) < 1/2.

To prove Step 1, we will expose one vertex at a time. Following the notation
of Durrett (2007), suppose A;, U; and R; are the sets of active, unexplored and
removed sites respectively at time ¢ in the process of growing the cluster starting
from 1, with Ro = {1}, Ag={z:1~z}and Uy ={1,2,...,n} — AgU Rg. At time
T = inf{t: A; = O} the process stops. If A; # &, pick i; from A; in some way
measurable with respect to the process up to that time and let

Rt+1 = Rt U {it},
A=A U{zeUptip ~z} —{ir},
Ut+1=U;_{Z€U;Zi[’\’Z}.

Here |R;| =t + 1 for t <t and so C; = t + 1. If there were no collisions, then
|Aix1| = |Asl — 1 + Z where Z has the size biased degree distribution g. Let
g" be the distribution of (Z | Z < n!*M/@=D) Then on the event {max; d; <
nFm/(@=1 1 A,| is dominated by arandom walk S; = So+ Z1 +-- -+ Z;, where
So=Ag and Z; ~ ¢q". Since qx—1 = kpi /1L, we have gg = g1 = 0 and hence qg =
q? = 0. Then §; increases monotonically.

If welet T =inf{m:S,, > k,} then

S.D P(|C1| <ky) < P(S; —|A;| =4 forsomet <T).

As observed above, if n is large, all of the vertices have degree < n? where B =
(1+n)/(e¢—1) <1/2. As long as S; < 2k, each time we add a new vertex and
the probability that it is in the active set is at most

2k,nP
= < Chk,nP~1
S di — 2k =

for large n. Thus the probability of two or more collisions while S; < 2k, is <
(2kn)?y,; = 0(n™").

Vn
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If St — S7—1 < ky,, then the previous argument suffices, but ST — S7_| might
be as large as nf. Letting m > 1/(1 —2p8), we see that the probability of m or more
collisions is at most

nPy"(Ccnf~Y" = o(n ).

To grow the cluster we will use a breadth first search: we will expose all the
vertices at distance 1 from the starting point, then those at distance 2, etc. When
a collision occurs, we do not add a vertex, and we delete the one with which a
collision has occurred, so two are lost. There is at most one collision while S; <
2ky,. Since Sp > 3, it is easy to see that the worst thing that can happen in terms of
the growth of the cluster is for the collision to occur on the first step, reducing Sp
to 1. After this the number of vertices doubles at each step so size k, is reached
before we have gone a distance log, k, from the starting point.

In the final step we might have a jump S; — S;_1 > k;,, and m collisions, but as
long as k, = (logn)> > 2m we do not lose any ground. In the growth before time
T, each vertex, except for possibly one collision, has added two new vertices to
the active set. From this it is easy to see that the number of vertices in the active
set is at least k,, /2 — 2m.

To grow the graph now, we will expose all of the vertices in the current active
set, then expose all of the neighbors of these vertices, etc. Let € > 0. The proof of
Theorem 3.2.2 in Durrett (2007) shows (see page 78) that if § is small then until
né vertices have been exposed, the cluster growth dominates a random walk with
mean v — &. Let Jy, Jo, ... be the successive sizes of the active set when these
phases are complete. The large deviations result, Lemma 5.1, implies that there is
ay > 0 so that

P(Jiy1 < (v =28)J; | Ji = ji) <exp(—Vji).

Since Ji > (logn)?/2 — 8, it follows from this result that with probability > 1 —

o(n~1), in at most
1 logn
(5 + {> log(v —¢)

steps, the active set will grow to size n!1/2+¢_ Using the result from Step 3 and
noting that the initial phase of the growth has diameter < log, k, = O (loglogn)
the desired result follows. [
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